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Abstract
Exact consistent gravitational anomalies for chiral bosons in two dimensions are
treated both with the Schwinger-DeWitt regularization and independently through
a cohomological procedure. The diffeomorphism transformations are described by
a single ghost which allows to climb the cohomological chain in a unique way.
1Work supported in part by M.U.I.R.
1 Introduction
Anomalies play a very important role in quantum field theory both at the phenomenolog-
ical and at the fundamental level [1]. Gravitational anomalies were discovered somewhat
later [2] probably due to the fact that pure gravitational anomalies do not exist in four di-
mensional space but only in dimension 2+4n. The simplest instance of pure gravitational
anomaly is the one due to the presence of a chiral fermion in two dimensions [2, 3, 4].
There are also gravitational anomalies produced by boson fields i.e. by the self-dual and
anti self-dual fields which are realized in the simplest instance by the chiral bosons in
dimension 2. The coupling of (anti) self-dual tensors to gravity was given by Henneaux
and Teitelboim [5, 6]. The formulation is not explicitely covariant even if it satisfies all
the requirements under diffeomorphism transformations. In the case of the chiral boson in
two dimensions the Henneaux-Teitelboim action extends the Floreanini-Jackiw [7] action
on flat space to the presence of an external gravitational field. Perturbative anomalies for
(anti) self-dual tensor fields were computed in [2, 8, 9] and exact covariant gravitational
anomalies were computed in [9].
Powerful cohomological methods were developed in the literature [10]-[30] which in the
most developed approach in the gravitational case [23] exploit the properties of Lorentz
transformations embodied by the presence of the vierbeins. The general case of scalar
matter conformally coupled with gravity was treated in [30].
In the present paper we give a simple self contained derivation of the consistent gravita-
tional anomaly for chiral bosons in two dimensions starting from the Henneaux-Teitelboim
action. Only one function K of the metric enters the action. Becchi [31] was the first to
point out that in each chiral sector of conformally invariant two dimensional field theory
the metric enters through a single function and the diffeomorphisms are described by a
single ghost. Even if the mentioned function K which summarizes the gravitational field
can be written as the ratio of two zweibein components, such a ratio is exactly invariant
under local Lorentz transformations and thus the local Lorentz group leaves no trace in
the action. The problem will be solved in two independent ways, the first by using con-
ventional field theory techniques and the other exploiting cohomological methods. The
first approach is near in spirit, although technically different, to the exact treatment of
the gravitational anomaly given by Leutwyler [3] and Leutwyler and Mallik [32] for the
chiral fermion case in two dimensions as both use the Schwinger-DeWitt [33, 34] regular-
ization of the functional integral. The cohomological method which follows in Section 6
is completely independent of the previous one and owes its simplicity to the fact that in
the case of the chiral bosons in two dimensions only one function K of the metric enters
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and that the diffeomorphisms are represented just by one ghost [31]. It is very simple to
write down the descending cohomological chain and prove from the last term, that the
found anomaly is non trivial. It is of interest that the final term, of ghost number 3, is
unique up to trivial additions and that the cohomological chain can be climbed up in a
unique way, finding the result already obtained with the functional integral. For doing
that one has to consider three sequences; of these two are exact while the other is exact
but for a junction, where the anomaly arises.
The paper is structured as follows. In Section 2 we lay down the formalism and dis-
cuss some properties of the Henneaux-Teitelboim action. In Section 3 we show how the
anomaly at the perturbative level i.e. for weak gravitational field, can be easily found
by exploiting the standard Pauli-Villars (PV) treatment of the non chiral bosons and
we compare the result with the one obtained in the light-cone treatment [9]. The PV
method can be applied also in dimensions greater than 2. In Section 4 we give the non
perturbative calculation of the anomaly by using the Schwinger-DeWitt method. In Sec-
tion 5 we prove that the found non perturbative anomaly is consistent i.e. satisfies the
Wess-Zumino relation, and we give an algebraically proof that the found anomaly is non
trivial. In Section 6 we give the cohomological treatment of the anomaly problem deriving
the results obtained in the previous sections in a purely algebraic way. First one shows
the uniqueness of the last term in the cohomological chain and then one shows that three
cohomological sequences are exact but for one junction in a sequence which gives rise to
the anomaly. Such a treatment is self contained and completely independent from the
ones given in Section 3 and Section 4. In Section 7 we give some concluding remarks. In
Appendix A and B we elucidate some technical details. We adopt the metric ds2 > 0 for
space-like separations.
2 The action
Our starting point is the Henneaux-Teitelboim action [5, 6] which generalizes to curved
backgrounds the Floreanini-Jackiw action [7] for chiral bosons in two dimensions. On flat
background such action gives rise to the chirality condition
∂0ϕ+ ∂1ϕ = 0 (1)
provided some boundary conditions are satisfied [7]. On curved background the chirality
condition becomes [5, 9]
E µ+ ∂µϕ = 0 (2)
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where Eµ+ are inverse zweibeins. In the following the key role will be played by the
adimensional function
K =
E 1+
E 0+
=
N√
h
−N1 =
√−g − g01
g11
. (3)
Right moving particles are described by K > 0. The action is provided by [5]
S = −1
2
∫
d2x ∂1ϕ(∂0ϕ+K∂1ϕ) =
1
2
∫
d2x ϕ∂1(∂0 +K∂1)ϕ. (4)
The variation of S w.r.t ϕ gives the equation of motion
∂1(∂0 +K∂1)ϕ = 0 (5)
and the action vanishes on the equation of motion. Under a diffeomorphism the function
K undergoes the following passive transformation
K(x)→ K ′(x′) =
∂x′1
∂x1
K(x) + ∂x
′1
∂x0
∂x′0
∂x1
K(x) + ∂x
′0
∂x0
. (6)
More relevant in the following will be the active transformation K(x) → K ′(x) under
which the action is invariant under diffeomorphisms [9], and that in the infinitesimal case
takes the form
δξϕ = Ξ ∂1ϕ ; δξK = −∂0Ξ− ∂1Ξ K + Ξ ∂1K (7)
where
Ξ = ξ1 −Kξ0. (8)
On the equations of motion in computing the variation δξS we can ignore the variation
of the matter field ϕ and we have
δξS = −1
2
∫
d2x ∂1ϕδξK∂1ϕ
= −1
2
∫
d2x δξgµν
∂K
∂gµν
(∂1ϕ)
2
= −
∫
d2x
√−g∇µξν 1√−g
∂K
∂gµν
(∂1ϕ)
2
=
∫
d2x
√−gξν∇µ
(
1√−g
∂K
∂gµν
(∂1ϕ)
2
)
(9)
from which we derive the classical energy momentum tensor
T µν = − 1√−g
∂K
∂gµν
(∂1ϕ)
2 (10)
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and we have
∇µT µν = 0 (11)
being ∇µ the usual covariant derivative. An explicit calculation gives
∂K
∂gµν
= −1
2
√−gkµkν (12)
with
k1 = 1; k0 = −K; kµ ≡ gµνkν. (13)
T µν is not a true tensor; on the other hand on the equations of motion we can write
T µν =
1
2
kµkν(∂1ϕ)
2 =
1
2
∂µϕ ∂νϕ (14)
and T µν becomes a true tensor.
3 The gravitational anomaly via Pauli-Villars regu-
lators
To understand the meaning of the exact calculation it is useful to make a few comments on
the perturbative result. A perturbative calculation was performed by use of the light-cone
coordinates by Bastianelli and van Nieuwenhuizen [8, 9]. Here we shortly describe the
equivalent calculation obtained by means of the PV regularization as it bears an analogy
to the exact calculation we shall perform in Section 4; moreover this technique can be
extended also to higher dimensions.
With gµν = ηµν + hµν we can write L = L0 + LI where
L0 = −1
2
∂1ϕ(∂0 + ∂1)ϕ (15)
is the lagrangian for free chiral scalars and we have
LI = 1
2
∂1ϕ
h11 + h10 + h01 + h00
2
∂1ϕ =
1
2
∂1ϕh++∂1ϕ. (16)
The free propagator is given by
〈Tϕ(x)ϕ(y)〉 = i (∂1(∂0 + ∂1))−1 δ2(x− y)
= −i
∫
d2p
(2pi)2
√
2
p−
p1
eip·(x−y)
(p2 − iε) (17)
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where −iε is the correct Feynman prescription.
iW (2)[h] =
1
2
∫
dxdy 〈0|T iLI(x)iLI(y)|0〉
= −1
2
∫
d2xd2y
1
2
h++(x)〈T∂1ϕ(x)∂1ϕ(x)∂1ϕ(y)∂1ϕ(y)〉1
2
h++(y)
= −1
2
∫
d2p h++(p)U(p)h++(−p) (18)
where we used the notation of [2]
h++(x) =
1
2pi
∫
eip·xh(p)d2p (19)
and
x± =
x1 ± x0√
2
; p± =
p1 ± p0√
2
(20)
U(p) =
1
4
∫
d2x e−ipx〈T∂1ϕ(x)∂1ϕ(x)∂1ϕ(0)∂1ϕ(0)〉. (21)
Using the propagator (17) we obtain for U(p) the divergent expression
U(p) = −
∫ d2k
(2pi)2
(p+ k)21
(p+ k)−
(p+ k)1[(p+ k)2 − iε]k
2
1
k−
k1[k2 − iε] . (22)
The pole 1/p1 in (17) is irrelevant in (22) due to the vertex p
2
1 originating from ∂1ϕ∂1ϕ
and as p2 = 2p+p− the chiral propagator has a pole only for p+ = 0. We have
√
2
p−
p1(p2 − iε) =
√
2
1
2p1p+ − i p1p−ε
. (23)
On such pole we have p1 = −p0 and as p1p− = 1√2 > 0, the previous propagator (23) is
equivalent to
1√
2
1
p1p+ − iε . (24)
For completeness we introduce an IR regularization obtained by introducing a mass m
1√
2
1
p1p+ − iε →
1√
2
1
p1p+ +m2 − iε (25)
while the PV regularization is obtained as usual by weighting the one loop graphs with
m→Mi with coefficients ci obeying [35, 36]
1 +
4∑
i=1
ci = 0 ; m
2 +
4∑
i=1
ciM
2
i = 0;
logm2 +
4∑
i=1
ci logM
2
i = 0; m
2 logm2 +
4∑
i=1
ciM
2
i logM
2
i = 0 (26)
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where Mi → ∞ with ci not diverging in such a limit. This can be achieved by setting
M21 = s m
2 , M22 = s
2 m2, M23 = s
3 m2, M24 = s
4 m2 with s → ∞. At the end we take
the IR regulator m to zero. As usual [4] the IR regulated propagator (25) with m 6= 0
does not describe any longer chiral bosons. U becomes
U(p,m2) = −1
4
∫ d2k
(2pi)2
(p+ k)21k
2
1
[(p+ k)1(p+ k)+ +m2 − iε] [k1k+ +m2 − iε] (27)
and the regularized expression is
UR(p) = U(p,m
2) +
4∑
i=1
ciU(p,M
2
i ). (28)
Performing the following change of variables
l1 = k1 +
k0
2
; P1 = p1 + p02
l0 =
k0
2
; P0 = p02 (29)
which is legal being (28) convergent, we can rewrite the amplitude (27) in the form
U(P,
√
2 m2) = −4
∫
d2l
(2pi)2
(l + P)2−l2−[
(l + P)2 +√2 m2 − iε
] [
l2 +
√
2 m2 − iε
]
= 2T−−−− (30)
where T−−−− is the not yet regulated amplitude relative to non chiral scalar bosons. In
Appendix A we compute the limit of the regularized amplitude for m2 → 0 and we have
UR(p) = − i
12pi
P3−
P+
= − i
96pi
(p+ + p−)3
p+
= − i
96pi
(
p3−
p+
+ 3p2− + 3p−p+ + p
2
+). (31)
The last three terms in (31) can be eliminated by adding local counter terms and (31)
differs from the result of [9] for chiral bosons and from the result of [2] for chiral fermions
by similar local counter terms. Thus we can write
W (2) =
1
192pi
∫
d2p h++(p)
p3−
p+
h++(−p). (32)
The variation under diffeomorfisms of h++ is δξh++(p) = 2ip+ξ+(p) and thus
δξW
(2) = − i
48pi
∫
d2p p3−h++(p)ξ+(−p) (33)
with
ξµ(p) =
1
2pi
∫
e−ip·xξµ(x)d
2x (34)
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which is the same anomaly as the one found for chiral fermions.
We can also write using directly (31)
δξW
(2) = − i
24pi
∫
d2p p31h++(p)(ξ1(−p) + ξ0(−p)) (35)
which will bear a strong similarity with the exact result we shall obtain in the following
section.
4 Exact calculation of the anomaly through the
Schwinger- DeWitt expansion
The generating functional is given by
Z[K] = eiW [K] =
∫
D[φ] exp
[
−i1
2
∫
d2x∂1φ(∂0 +K∂1)φ
]
=
∫
D[φ] exp
[
i
1
2
∫
d2xφ(∂1∂0 + ∂1K∂1)φ
]
≡ (det−i(∂1∂0 + ∂1K∂1))−
1
2 . (36)
As usual the direct computation of (36) is difficult. However we shall be interested in
the variation of (36) under an infinitesimal diffeomorphisms which provides us with the
anomaly. We have
iδξW [K] =
∫
D[φ]e i2
∫
d2xφ(∂1(K∂1+∂0)φ
∫
d2x
i
2
φ∂1(δξK∂1φ)/Z[K]
=
1
2
∫
d2x δξH G(x, x
′)|x′=x (37)
with
H = ∂1(∂0 +K∂1) (38)
and
δξH = ∂1δK(x)∂1 (39)
and G(x, x′) is the exact Green function in the external field K. We regularize G(x, x′) a`
la Schwinger-DeWitt
G(x, x′, ε) = i〈x|
∫ ∞
ε
eiHtdt|x′〉 (40)
and thus
iδξW [K] =
i
2
∫ ∞
ε
dt
∫
d2xδξH〈x|eitH |x′〉|x′=x. (41)
We exploit now the fact that
δξH = ∂1(Ξ H)−H Ξ∂1 (42)
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with Ξ = ξ1 −Kξ0 and take advantage of the equation satisfied by 〈x|eiH |x′〉 due to the
evolution equation
deiHt
dt
= iHeiHt = ieiHtH , (43)
to rewrite eq.(41) as
δξW =
i
2
∫ ∞
ε
dt
d
dt
∫
d2xd2x′ δ(x− x′)Ξ(x′) (∂′1 + ∂1) 〈x|eiHt|x′〉 =
− i
2
∫
d2xd2x′ δ(x− x′)Ξ(x′) (∂′1 + ∂1) 〈x|eiHε|x′〉. (44)
We compute the short time behavior of 〈x|eiHt|x′〉 by using the Schwinger-DeWitt tech-
nique. The operator
H = ∂1K∂1 + ∂1∂0 (45)
is the Laplace-Beltrami operator in the metric
g11 = 0; g10 = g10 = 2; g00 = −4K (46)
for which
√−g = 2. We apply the well known expansion [34, 39]
〈x| eitH |x′〉 = (−g(x))
1
4∆
1
2 (x, x′)(−g(x′)) 14
4pit
e
iσ(x,x′)
2t
∞∑
i=1
(it)nan(x, x
′) (47)
where 2σ(x, x′) is the square of the geodesic distance between x and x′ and D(x, x′) =
(−g(x)) 12∆(x, x′)(−g(x′)) 12 is the Van Vleck-Morette determinant i.e.
det
[
∂2σ(x, x′)
∂xµ∂x′ν
]
. (48)
Using [37]
a0(x, x
′) = 1; ∂1∆(x, x
′)|x′=x = 0; ∂1a1(x, x′)|x′=x = 1
12
∂1R(x) (49)
being R(x) the scalar curvature of the metric (46), we obtain
∂1〈x|eiHt|x′〉 = i
24pi
∂1R. (50)
A simple calculation of the curvature of the metric (46) gives
R = −∂21K (51)
and thus
δξW = − 1
24pi
∫
d2x Ξ(x) ∂31K(x) =
1
24pi
∫
d2x ∂31Ξ(x) K(x) ≡ GE[K,Ξ] (52)
which is the Einstein anomaly. This is the non perturbative result and it agrees with the
general form of the anomaly for conformally coupled scalar matter with gravity [30]. As
for weak gravitational fields we have
K = 1− h++ (53)
eq.(52) agrees with the weak external field result (35) found through PV regularization.
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5 Wess-Zumino consistency condition and non trivi-
ality of the anomaly
It is useful to introduce the anticommuting diffeomorphism ghosts v1, v2. Using eq.(7) we
can write the BRST variation
δK = −∂0V − ∂1V K + V ∂1K (54)
where V = v1 −Kv0. As K is the only function appearing in the theory we see that all
diffeomorphisms are described by the single ghost V . Using
δvµ = vλ∂λv
µ (55)
and eq.(54) it is easily proved that
δV = V ∂1V. (56)
The algebra of diffeomorphisms requires
δ2K = 0 (57)
a relation which can be explicitely verified using eqs.(54,56). We can now verify the
Wess-Zumino consistency condition for the found anomaly (52). In fact we have
δ(∂31V K) = ∂
3
1(V ∂1V )K − ∂31V δK = ∂1(V ∂31V K) + ∂31V ∂0V. (58)
The first term on the r.h.s. is a divergence while for the second, integrating by parts and
using the anticommutativity of V , we have
δGE[K, V ] = const.
∫
d2x ∂31V ∂0V
= const.
∫
d2x ∂0V ∂
3
1V
= −const.
∫
d2x ∂31V ∂0V = 0. (59)
The Wess-Zumino consistency relation can also be written as
δQ12 = −dQ21 (60)
where Q12 = V ∂
3
1K and Q
2
1 is a 1-form of degree 2 in the ghost V .
Our aim now will be the following: construct the descending cohomology chain and show
algebraically by examining the last term of the chain, that the found anomaly (52) is non
trivial. Then prove the uniqueness of the last term and also prove that the ascent of the
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cohomology chain is unique, thus proving on purely algebraic ground that the found non
perturbative anomaly (52) is unique up to a multiplicative factor. We write
δ(V ∂31Kdx
1 ∧ dx0) = −dQ21. (61)
The 1-form Q21 can be explicitely found
Q21 = −
1
2
(∂31V V )dx
1 −
[
1
2
∂21V ∂0V −
1
2
∂1V ∂1∂0V +
1
2
V ∂21∂0V
− ∂1V ∂21V K − V ∂1V ∂21K + V ∂1(∂21V K)
]
dx0. (62)
The fact that such a form Q21 satisfying (60) can be constructed is the content of the Wess-
Zumino consistency condition. Using the algebraic Poincare´ lemma [13, 14, 15, 16, 21] a
0- form Q30 must exist such that
δQ21 = −dQ30. (63)
Such form is easily found
Q30 =
1
2
V ∂1V ∂
2
1V. (64)
It is easily proved that if Q12 is a trivial anomaly i.e.
Q12 = δX
0
2 + dX
1
1 (65)
it follows
Q30 = δX
2
0 . (66)
Thus if we show that no X20 exists satisfying (66) we prove algebraically the non triviality
of Q12. One notices that X
2
0 must contain two derivatives and thus the most general X
2
0
is given by
X20 = V ∂
2
1V g1 + V ∂1∂0V g2 + V ∂
2
0V g3 + ∂1V ∂0V g4 +
+V ∂1V ∂1Kg5 + V ∂1V ∂0Kg6 + V ∂0V ∂1Kg7 + V ∂0V ∂0Kg8. (67)
One notices also that V ∂1V ∂
2
1V can originate only from the g1 and g5 terms. Thus we
must have
Kg′1(K)−Kg5(K) = 1. (68)
Furthermore as V ∂0V ∂
2
0V can originate only from the terms g3 and g8 we have the con-
dition
g′3(K) = g8(K) (69)
which allows us to write the variation δX20 in terms of the parameter s = 2g3+Kg
′
3. One
also notices that the term proportional to V ∂1V ∂0V ∂0K obtained from the variation of
10
the above two terms can be eliminated only by the variation of the g6 term giving rise to
the relations
s′(K) = g′6(K) i.e. g6(K) = s(K) + c (70)
where c is a constant. Putting now all the variations together we obtain the following rela-
tions given by the vanishing of the coefficients of V ∂1V ∂0V ∂1K, V ∂1V ∂1∂0V , V ∂0V ∂1∂0V ,
V ∂0V ∂
2
1V , V ∂1V ∂
2
0V ,
0 = 2g7(K) + s(K) + c+Kg
′
7(K) + g
′
4(K)− 1/K2 − g′′1(K)
0 = 1/K + g4(K)−Ks(K)−Kc+ g2(K)− g′1(K) +Kg′2(K)
0 = −g7(K)− s(K) + g′2(K)
0 = −Kg7(K)− g4(K)− g2(K) + g′1(K)
0 = c (71)
Using simple algebra we arrive to the obstruction 0 = 1/K which proves algebraically the
non triviality of the found anomaly.
6 Cohomological derivation of the anomaly
In the following discussion we shall denote by Sn(m) the space of terms containing n
ghosts and m derivatives, e.g. V ∂21V ∂0Kf(K) ∈ S2(3).
In the present section we shall give a very simple cohomological treatment of the non
perturbative anomaly based on the fact that a single ghost describes all the diffeomorfisms
in each chirality sector [31]. First we prove that the last term Q30 in the cohomological
chain is unique apart for the addition of a trivial term i.e. a δ variation, and then, starting
from such Q30 we prove that the cohomology chain can be climbed up in a unique way
leading, in a pure algebraic way to the result (52) apart a multiplicative constant.
The first question is equivalent to the cohomological problem of proving that the sequence
S0(0)
δ→ S1(1) δ→ S2(2) δ→ S3(3) δ→ S4(4) δ→ 0 (72)
differs from an exact sequence only in the penultimate junction due to the presence of the
non trivial term N30 ≡ const. V ∂1V ∂21V .
It will be useful in the present section to perform a change of basis by replacing the basis
element ∂0V by W ≡ δK, which is equivalent to it due to the relation (54). Then the
algebra we shall use is simply
δV = V ∂1V ; δK =W ; δW = 0 (73)
11
and that will be sufficient to perform all calculations.
S0(0) is the space of the functions f(K) and δS0(0) ⊂ S1(1) has also dimension 1,
δf(K) = Wf ′(K) . The space S1(1) has dimension 4 and its elements can be written as
∂1V h1 +Wh2 + V ∂1Kh3 + V ∂0Kh4. (74)
In examining the kernel of δ from S1(1) into S2(2) we can gauge fix to zero h2 to zero
by adding the variation of f(K) with f ′(K) = −h2(K). It is then easily shown that the
kernel on the remaining space is h1 = h3 = h4 = 0 as
δ(∂1V h1) = V ∂
2
1V h1 + . . .
δ(V ∂1Kh3) = V ∂1V ∂1Kh3 + . . .
δ(V ∂0Kh4) = V ∂1V ∂0Kh4 + . . . (75)
and the terms written explicitely in each equation have no counterpart in the remaining
two equations. This proves the exactness of the first short sequence. The space S2(2) has
dimension 8 and using (75) we can gauge fix to zero the 3 terms V ∂21V g1, V ∂1V ∂1Kg2,
V ∂1V ∂0Kg3 leaving the 5 terms ∂1VWg4, V W∂iKg
(i)
5 , V ∂iWg
(i)
6 , (i = 1, 0) .
For the variations we have
δ(∂1VWg4) = V ∂
2
1VWg4
δ(VW∂iKg
(i)
5 ) = V ∂1VW∂iKg
(i)
5 + . . .
δ(V ∂iWg
(i)
6 ) = V ∂1V ∂iWg
(i)
6 + . . . (76)
and again the written terms are unique in the variations so that we obtain for the
kernel g4 = g
(i)
5 = g
(i)
6 = 0. Finally S
3(3) has dimension 8 and gauge fixing to zero
V ∂21VWf4, V ∂1VW∂iKf
(i)
5 , V ∂1V ∂iWf
(i)
6 we are left with the terms V ∂1V ∂
2
1V f1,
VW∂1Wf2, VW∂0Wf3 from which, as δ(V ∂1V ∂
2
1V ) = 0, we obtain for the kernel
f ′1(K) = 0, f2(K) = f3(K) = 0.
Thus we found that the most general solution of δQ30 = 0 can be written in the form
Q30 = N
3
0 + δX
2
0 (77)
where
N30 = const.V ∂1V ∂
2
1V , (78)
i.e the short sequence around S3(3) in (72) is exact except for the element N30 . Thus the
last term Q30 of the cohomological sequence is unique up to a multiplicative constant and
12
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trivial additions. The sequence (72) is shown in Fig.1 where the numbers on the vertical
bars denote the dimension of the space.
The next step is to show the uniqueness of the term Q21 of eq.(63) up to trivial additions.
To this end we have to prove that the kernel of δ from S2(3) into S3(4) is zero, modulo
the trivial terms δS1(2). To this end we shall show that the sequence
0
δ→ S0(1) δ→ S1(2) δ→ S2(3) δ→ S3(4) (79)
is exact. S0(1) has only two elements, ∂1K h1(K) and ∂0K h2(K) and it is immediate
that the kernel of δ from S0(1) in S1(2) is the zero. There are 13 elements in S1(2) two
of which e.g. ∂iWf
(i) can be gauge fixed to zero. An elementary calculation reported in
Appendix B shows that the kernel of such gauge fixed 11 dimensional space is trivial, that
we can operate 11 gauge fixing in S2(3) and that the kernel of δ acting on such gauge
fixed space is trivial.
The sequence (79) is depicted in Fig.2.
We are left now with climbing the last step of the cohomology chain i.e. after proving
the uniqueness, up to trivial terms, of Q21 we want to prove the uniqueness, up to trivial
terms, of the solution of
δQ12 = −dQ21 (80)
of which we know already a solution i.e. Q12 = const. V ∂
3
1Kdx
1 ∧ dx0. Thus we want to
show that if
δQ12 = 0 (81)
we have Q12 = δX
0
2 . It corresponds to proving the exactness of sequence
0
δ→ S0(2) δ→ S1(3) δ→ S2(4). (82)
The space S0(2) has dimension 6, S1(3) has dimension 36 and S2(4) dimension 88.
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The dimension of δS0(2) is 6 which means that we can operate 6 gauge fixings in S1(3)
corresponding to fixing to zero the coefficients of the six terms ∂1W∂1Kf , ∂0W∂0Kf ,
∂0W∂1Kf , ∂
2
1Wf , ∂
2
0Wf , ∂1∂0Wf , where f denote arbitrary functions of K. An elemen-
tary calculation reported in Appendix B proves that on such gauge fixed space the only
solution of δX = 0, for X ∈ S1(3), is zero. Sequence (82) is shown in Fig.3.
7 Conclusions
In the present paper we developed two direct derivations of the consistent gravitational
anomaly generated by a chiral boson in two dimensions. After revisiting by means of
the PV regularization the perturbative result, we give two independent derivations of
the exact consistent gravitational anomaly. The first is based on the Schwinger-DeWitt
technique and the other on cohomological methods. The simplicity of the cohomological
method is due to the fact that only one function of the metric appears in the Henneaux-
Teitelboim action and that a single ghost generates all the diffeomorphisms. In such an
approach we show the uniqueness of the final term in the cohomological chain and that
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the cohomological chain can be climbed up in a unique way. This is due to the exactness
of three cohomological sequences but for a junction which gives rise to the anomaly.
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Appendix A
In this Appendix we report the explicit formulae of the PV regularized calculation which
have been used in Section 3 to find the perturbative anomaly. The non chiral amplitude
is usually [4] decomposed as
Tµνρσ(p) = pµpνpρpσT
v
1 (p
2) + (pµpνgρσ + pρpσgµν) T
v
2 (p
2)
+ (pµpρgνσ + pµpσgνρ + pνpρgµσ + pνpσgµρ) T
v
3 (p
2)
+ gµνgρσT
v
4 (p
2) + (gµρgνσ + gµσgνρ) T
v
5 (p
2). (83)
but due to the existence in dimension 2 of the identically zero tensor [4, 38]
(pµpνgρσ + pρpσgµν)− 12 (pµpρgνσ + pµpσgνρ + pνpρgµσ + pνpσgµρ)
− p2gµνgρσ + p22 (gµρgνσ + gµσgνρ) (84)
it is possible to reduce the invariants from 5 to 4
Tµνρσ(p) = pµpνpρpσT1(p
2) + (pµpνgρσ + pρpσgµν)T2(p
2)
+ gµνgρσT4(p
2) + (gµρgνσ + gµσgνρ) T5(p
2). (85)
As the PV regularization does not need any continuation in dimensions we can work with
the form (85).
The relation between our invariants and those of eq.(83) is
T1 = T
v
1 ; T2 = T
v
2 + 2T
v
3 ; T3 = T
v
3 − T v3 = 0
T4 = T
v
4 − 2p2T v3 ; T5 = T v5 + p2T v3 . (86)
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We obtain regulating as in eqs.(26,28), in the limit s→∞
T1(p
2) = − i
2pi
∫ 1
2
− 1
2
dβ
(
1
4
− β2
)2
p2
(
1
4
− β2
)
+m2
T2(p
2) =
i
2pi
∫ 1
2
− 1
2
dβ


p2
(
1
4
− β2
)2
p2
(
1
4
− β2
)
+m2

 = −p2T1
T4(p
2) =
i
8pi
∫ 1
2
− 1
2
dβ
{[
p2
(
1
4
− β2
)
+m2
]
ln
[
1 +
p2
m2
(
1
4
− β2
)]
−4p2
(
1
4
− β2
)
−
[
p2
(
1
4
− β2
)
−m2
]2
p2
(
1
4
− β2
)
+m2
+m2

 = (p2)2T1
T5(p
2) = − i
8pi
∫ 1
2
− 1
2
dβ
[(
p2
(
1
4
− 3β2
)
+m2
)
ln
(
1 +
p2
m2
(
1
4
− β2
))
− p2
(
1
4
− β2
)]
= 0. (87)
where we used ∫ 1
2
− 1
2
dβ
(
x(
1
4
− 3β2) + 1
)
ln
(
1 + x(
1
4
− β2)
)
=
x
6
. (88)
The amplitudes Ti satisfy the diffeomorphism Ward identities
p2T1 + T2 + 2T3 = 0; p
2T2 + T4 = 0; p
2T3 + T5 = 0. (89)
The integral appearing in eq.(87) can be explicitely computed, but in order to take the
limit m2 → 0 is better to keep the form (87). All these amplitudes are finite as the
infrared regulator m2 goes to zero with the results
T1 = − i
12pip2
; T2 =
i
12pi
; T4 = − ip
2
12pi
; T5 = 0. (90)
Appendix B
In the present appendix we give the details in the analysis of the exactness of the sequences
of Fig.2,3. The calculations are trivial but for clearness we report the details.
With regard to sequence (79) the variation of the 11 terms remaining after the gauge
fixing are, using (73)
δ(V ∂i∂jKf) = V ∂1V ∂i∂jKf + . . .
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δ(V ∂iK∂Kjf) = V ∂1V ∂iK∂jKf + . . .
δ(∂1V ∂iKf) = V ∂
2
1V ∂iKf + . . .
δ(∂21V f) = V ∂
3
1V f + . . .
δ(W∂iKf) = −W∂iWf (91)
where f denotes functions of K. All the explicitely written terms on the r.h.s. appear
only once in the variation and this proves that the kernel from S1(2) to S2(3) is trivial and
at the same time that we can perform 11 gauge fixings corresponding to the explicitely
written terms. The variation of the remaining 19 terms are, using (73)
δ(VW∂i∂jKf) = V ∂1VW∂i∂jKf + . . .
δ(VW∂iK∂jKf) = V ∂1VW∂iK∂jKf + . . .
δ(V ∂iW∂jKf) = V ∂1V ∂iW∂jKf + . . .
δ(V ∂i∂jWf) = V ∂1V ∂i∂jWf + . . .
δ(∂1VW∂jKf) = V ∂
2
1VW∂jKf + . . .
δ(∂1V ∂iWf) = V ∂
2
1V ∂iWf + . . .
δ(∂21VWf) = V ∂
3
1VWf + . . .
δ(∂1V ∂
2
1V f) = V ∂1V ∂
3
1V f + . . .
As all the reported terms on the r.h.s. appear only once in the variations, the kernel of δ
from S2(3) into S3(4) is trivial.
With regard to the sequence (82), in S1(3) we gauge fix to zero the six terms ∂i∂jWf ,
∂iW∂iKf , ∂0W∂1Kf (i, j = 1, 0). To prove that the kernel of δ on the surviving 30
dimensional space is zero one notices as above, that for the 23 terms containing V the
results obtained by varying simply V are all independent. For the remaining 7 terms we
have
δ(W∂i∂jKf) = −W∂i∂jWf
δ(W∂iK∂jKf) = −W∂iW∂jKf −W∂iK∂jWf
δ(∂1W∂0Kf) = −∂1W∂0Wf − ∂1W∂0KWf ′ (92)
and due to the independence of the terms on the r.h.s. the kernel from S1(3) to S2(4) is
trivial.
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